Abstract. This paper presents a number of Kantorovich type integral inequalities involving tensor products of continuous fields of bounded linear operators on a Hilbert space. Kantorovich type inequality in which the product is replaced by an operator mean is also considered. Such inequalities include discrete inequalities as special cases. Moreover, some generalizations of an additive Grüss integral inequality for operators are obtained.
Introduction
The classical Kantorovich inequality [12] asserts that for real numbers a i and w i such that 0 < a a i b and w i 0 for all 1 i n, we have
(1.1)
This inequality can be viewed as a reverse weighted arithmetic-harmonic mean (AM-HM) inequality. The bound (1.1) is used for convergence analysis in numerical methods and statistics. Over the years, various generalizations, variations and refinements of this inequality in several settings have been investigated by many authors. This inequality has been proved to be equivalent to many inequalities, e.g. Cauchy-Schwarz-Bunyakovsky inequality and Wielant's inequality; see also [8, 20] . In the literature, there is an integral version of Kantorovich inequality as follows. For a Riemann integrable function f : [α, β] → R with a f (x) b for all x ∈ [α, β], we have (e.g. [1] )
A matrix analogue of this inequality involving Hadamard product is given in [16] as follows.
Theorem 1.1 ([16], Theorem 2.2).
For each i = 1, 2, . . . , n, let A i ∈ M k be a positive definite matrix such that 0 < aI A i bI and W i ∈ M k a positive semidefinite matrix. Then
Kantorovich inequality can be regarded as a reverse of the following Fiedler's inequality:
Operator versions of Kantorovich inequality was investigated, for instance, in [4, 5, 7, 17] and references therein. Kantorovich type inequality where the product is replaced by an operator mean was considered in [18, 19] .
In this paper, we establish various integral inequalities of Kantorovich type for continuous field of Hilbert space operators. The inequalities (1.1) and (1.2) are generalized in many ways in terms of Bochner integrals on the Banach space of bounded linear operators. The products between two operators considered here are the Hilbert tensor product. Moreover, Kantorovich type inequalities involving Kubo-Ando operator means are obtained. Such integral inequalities include discrete inequalities as special cases. In particular, we get some generalizations of additive Grüss type inequality for operators. This paper is organised as follows. We set up basic notations about continuous fields of operators and state the main assumption used throughout the paper in Section 2. Then Section 3 deals with Kantorovich type integral inequalities involving tensor product of continuous fields of operators. In Section 4, we first recall Kubo-Ando theory of operator means and then derive Kantorovich integral inequalities involving operator means. In the last section, we derive further operator integral inequalities, including additive Grüss inequality.
2. Continuous field of operators and its integralability 2.1. Continuous field of operators. Throughout this paper, let H be a complex Hilbert space. Denote by B(H) the C * -algebra of bounded linear operators acting on H. The spectrum of A ∈ B(H) is written as Sp(A). We shall write I for the identity operator on a Hilbert space; the space mentioned here should be clear from the context.
Let Ω be a locally compact Hausdorff space endowed with a finite Radon measure µ. A family (A t ) t∈Ω of operators in B(H) is said to be a continuous field of operators if the parametrization t → A t is norm continuous on Ω. If, in addition, the norm function t → A t is Lebesgue integrable on Ω, then we can form the Bochner integral of A ′ t s as follows (see also [9] ). Let P be a partition of Ω into disjoint Borel subsets and let ǫ > 0 be a real number. For each operator A t in B(H), we can approximate A t by a net of operators in the form
where E i ∈ P and t i ∈ E i ⊆ {t ∈ Ω : A t − A t i < ǫ} for each 1 i n. Then the net F P,ǫ (A t ) converges uniformly to the Bochner integral
The set of continuous functions from Ω to B(H) becomes a C * -algebra under the pointwise operations and the C * -norm 
Let (W t ) t∈Ω be a continuous field of positive operators in B(H). 
Proof. Since (Ω, µ) is a finite measure space, it suffices to prove the Lebesgue integralability of its norm function. Indeed, we have
Suppose that f is positive on [a, b] . Then f (A t ) is a positive operator for each t ∈ Ω. It follows that the integral is also positive.
Integral inequalities of Kantorovich type for tensor product of operators
In this section, we derive many integral inequalities of Kantorovich type for operators in which the product is given by the tensor product. Such inequalities includes discrete inequalities as special cases. In particular, we get a reverse of weighted AM-HM operator inequality.
3.1. Tensor products. For each fixed X ∈ B(H), the map A → A ⊗ X and the map A → X ⊗ A are bounded linear operators from B(H) to B(H ⊗ H). It follows that
Moreover, these maps preserve positivity when the multiplier is a positive operator. For each A, B ∈ B(H), we denote
Recall that the tensor power A ⊗2 is defined to be A ⊗ A. We start with the following estimation about tensor products.
Lemma 3.1. The minimum constant k for which the inequality
Here, I denotes the identity on H⊗H.
Proof. First, note that the minimum constant k for which the scalar inequality 
Thus, we obtain the inequality (3.2). The constant (a 2 + b 2 )/(ab) cannot be improved since the case A = aI H and B = bI H is reduced to the scalar case.
Kantorovich type integral inequalities.
The following theorem is a Kantorovich type integral inequality. Theorem 3.2. Under Main hypothesis, the following integral inequality holds
Moreover, the constant (a 2 + b 2 )/(2ab) is best possible.
Proof. For convenience, let us denote
It follows from the property (3.1) that
Similarly, we have
It follows that
By making use of Lemma 3.1 and the property (3.1), we obtain
Therefore, we arrive at (3.3). The best possibility of the constant (a 2 + b 2 )/(2ab) also comes from Lemma 3.1.
As a special case, we obtain a discrete version of the integral inequality (3.3) as follows. Then we have
Proof. Take Ω = {1, 2, . . . , n} and set µ to be the counting measure in Theorem 3.2.
The next result is an integral inequality of Kantorovich type in which the weights are scalars. 
Proof. Set W t = w(t)I for each t ∈ Ω in Theorem 3.2.
The following result is a discrete version of the inequality (3.5).
Corollary 3.5. For each i = 1, 2, . . . , n, let A i ∈ B(H) be a selfadjoint operator such that Sp(A i ) ⊆ [a, b] ⊆ (0, ∞) and let w i 0 be a constant. Then
Proof. Take Ω = {1, 2, . . . , n} and set µ to be the counting measure in Corollary 3.4.
From this corollary, when the weight w i is 1/n for each i, then
Recall that the harmonic mean of A 1 , A 2 , . . . , A n is given by
Hence, Corollary 3.5 provides a reverse weighted AM-HM inequality.
Kantorovich integral inequalities involving operator means
In this section, we establish integral analogues of Kantorovich inequality involving operator means. To begin with, recall some fundamental facts in Kubo-Ando theory of operator means [13] ; see also [10 An operator mean is a connection σ with fixed point property A σ A = A for all A 0.
A major core of Kubo-Ando theory is the one-to-one correspondence between operator connections and operator monotone functions. Recall (e.g. [11, Chapter 4] ) that a continuous function f : [0, ∞) → R is said to be operator monotone if
holds for any positive operators A and B. In fact, the map σ → f is a bijection.
Such a function f is called the representing function of σ.
Lemma 4.2 ([2]
). Let σ be an operator connection. Then for all positive operators A and B in B(H), we have
Here, the connection σ on the right hand side is the induced connection on [0, ∞) defined by (a σ b)I = aI σ bI for any a, b 0.
We say that a function f : [0, ∞) → R is super-multiplicative if f (xy) f (x)f (y) for all x, y 0. 
for all positive operators A, B, C, D.
Proof. By a continuity argument using (M1) and (M3), we may assume that A and B are strictly positive. Putting
Here, we use the congruent invariance (4.1) and the property (4.3). Now,
Hence, we obtain (4.4).
Kantorovich type integral inequalities involving operator means.
The following result can be regarded as a Kantorovich type integral inequality concerning operator means. 
t is Bochner integrable due to the norm estimate in Lemma 4.2. It follows that
(since σ satisfies the transformer inequality (M2))
(since σ satisfies the property (4.2))
(by Lemma 4.3)
(since σ satisfies the fixed point property).
The proof is complete.
Theorem 4.4 can be reduced to Theorem 3.2 by setting A t = B t for all t ∈ Ω. The next result is discrete version of the inequality (4.5). 
Proof. Take Ω = {1, 2, . . . , n} and set µ to be the counting measure in Theorem 4.4.
Further operator integral inequalities
Theorem 3.3 can be extended in the following way:
Theorem 5.1. Assume Main hypothesis. Let f be a continuous real-valued func-
is Bochner integrable by Proposition 2.1. The assumption also implies that
The desired result now follows from Theorem 3.2. Note that the constant (a 2 + b 2 )/(2ab) is not affected. 
Proof. Set W t = g(A t ) for each t ∈ Ω in Theorem 5.1. Then (W t ) t∈Ω is a continuous field of positive operators.
The next result can be viewed as a generalization of Grüss inequality.
Corollary 5.3. Assume Main hypothesis. For any λ ∈ R, we have
Proof. Put f (x) = x and g(x) = x λ in Corollary 5.2.
The case λ = 1 and µ(Ω) = 1 in this corollary is a Grüss type integral inequality for tensor product of operators: Discrete versions for the inequalities in this section can be obtained by considering Ω to be a finite space equipped with the counting measure.
